We find that fermion determinants are not generally positive in a recent class of constructions with explicit lattice supersymmetry. These involve an orbifold of supersymmetric matrix models, and have as their target (continuum) theory (2,2) 2-dimensional super-Yang-Mills. The fermion determinant is shown to be identically zero for all boson configurations due to the existence of a zeromode fermion inherited from the "mother theory." Once this eigenvalue is factored out, the fermion determinant generically has arbitrary complex phase. We discuss the implications of this result for simulation of the models. * giedt@physics.utoronto.ca
Introductory remarks.
Models with explicit lattice supersymmetry have been discussed in the literature by a few groups. For example, latticizations of super-Yang-Mills [1, 2] , supersymmetric quantum mechanics [3, 4] , the 2d Wess-Zumino model [5, 4] , and direct constructions in the spirit of the Ginsparg-Wilson relation [6] have all been considered. In this letter we will be interested in the super-Yang-Mills constructions that lead to a Euclidean lattice theory [1] . The method of building such models is based on deconstruction of extra dimensions [7, 8] . The corresponding interpretation in terms of the world-volume theory of D-branes has led to the latticizations of 2d, 3d and 4d supersymmetric gauge theories. These lattice constructions are all arrived at by orbifold projections of supersymmetric matrix models; i.e., in each case we quotient a matrix model by some discrete symmetry group of the theory. Degrees of freedom that are not invariant with respect to the combined action of the orbifold generators are projected out. 1 Thus, throughout this letter we will have occasion to speak of "orbifolded" matrix models and "nonorbifolded" matrix models.
A major motivation for efforts to latticize supersymmetric models is that some nonperturbative aspects of supersymmetric field theories are not accessible by the usual techniques, such as holomorphy. One hope of a lattice supersymmetry program of research is that it would lead to, e.g., simulations that would provide further data on supersymmetric field theories, especially those that include super-Yang-Mills. 2 With explicit lattice supersymmetry the target (continuum) theory may be obtained in a more controlled fashion. Indeed, in some cases it may be obtained without the need for fine-tuning [1, 2] .
In this enterprise, it is of great practical importance that the fermion determinant, obtained integrating over the fermion degrees of freedom in the partition function, be positive. For let φ be the lattice bosons in the theory, and ψ,ψ the lattice fermions.
We obtain
A positive 3 det M(φ) for all φ allows us to unambiguously calculate in an equivalent bosonic theory with action S eff (φ). Expectation values of operators O(φ) may be obtained using this action:
Fermionic correlators will simply involve M −1 (φ) in the operator of interest. In the case of positive det M(φ), the techniques of estimation by Monte Carlo simulation are robust; otherwise the situation is murkier.
We now summarize the content of our work:
• In this letter we show that the lattice theory with (2,2) 2d super-Yang-Mills as its target [1] , obtained from orbifolded supersymmetric matrix models, possesses a problematic fermion determinant. Due to a zeromode fermion, det M(φ) ≡ 0, i.e., for all boson configurations.
• We then suggest how the zero eigenvalue can be factored out in a controlled way in order to exhibit the determinant for the other fermions. For the orbifolded matrix models, we carry out this factorization (numerically) in the special case of a U(2) gauge theory, and show that it is robust. As an example, we present our results for a 2 × 2 lattice.
• We further validate our method by applying it to nonorbifolded U(k) supersymmetric matrix models, which also contain ever-present zeromode fermions, corresponding to the U(1) "gaugino" in the decomposition U(k) ⊃ U(1) × SU(k).
We correctly reproduce the fermion determinant for the nonorbifolded SU(k) matrix models by our factorization method. As an example, we present our results for U(5) ⊃ U(1) × SU(5).
• Once the zeromode fermion has been factored out of the orbifolded matrix models studied here, we find that the remaining product of eigenvalues is generically nonzero with arbitrary complex phase.
• We explain how this is not in conflict with results in nonorbifolded SU(k) supersymmetric matrix models. (For example, in an appendix of [10] it was shown that the product of eigenvalues for the fermion matrix is positive semidefinite.) It is found that the orbifold procedure lies at the heart of this matter.
• We conclude with a discussion of the implications of out results for lattice simulations of the latticized (2,2) 2d super-Yang-Mills theories.
Zeromode fermion. Here we will focus on the orbifolded supersymmetric matrix models that have as their target theory (2,2) 2d super-Yang-Mills with U(k) gauge group. The "mother theory" is a nonorbifolded U(kN 2 ) supersymmetric matrix model. The "daughter theory" is obtained by orbifolding the "mother theory" by a Z N × Z N symmetry group, leaving intact (among other things) a U(k) N 2 symmetry group that will become the gauge symmetry of the N × N lattice theory. The lattice theory is obtained by studying the "daughter theory" about a particular boson configuration that is a stationary point of the action; i.e., it is a point in the moduli space of the "daughter theory."
The orbifolded matrix model discussed here has been described in detail in [1] ; we refer the reader there for further details. For our purpose it suffices to note that in the U(k) case the theory contains 4 bosons x m , y m that are k × k complex matrices. The bosons x m , y m may written in terms of a Hermitian basis
It is always possible to choose the T a such that
Furthermore we define
and note that (underlining implies all permutations are to be taken):
One finds that the fermionic part of action is given by
Here α µ m , β µ m , λ ρ n , ξ ρ n are the lattice fermions, with upper index corresponding to the basis T µ introduced above. The fermion matrix M µρ m,n is given by (sum over ν implied in the entries,î, unit vectors):
Here we have introduced the compact notation t µνρ m,n = δ m,n t µνρ .
The fermion zero mode is easily established. We consider fermions of the form
Then in this case
By similar arguments
Thus (11) is an eigenvector of M with eigenvalue zero. It follows that det M(x, y) ≡ 0, for all configurations of bosons. This clearly poses a difficulty for defining S eff (x, y).
We will shortly address a method to factor out this zero eigenvalue, and study it in some detail for the U(2) case. However, we first make a few remarks on the existence of the indentically zero eigenvalue. The zeromode fermion is nothing but the "zero-momentum" mode of the Fourier transform of a given λ 0 m :
In the formalism introduced in [1] , λ 0 m appears in the superfield
Here d 0 m is an auxiliary boson and θ is an odd (Grassman) superspace coordinate. The zero-momentum part of this supermultiplet is just
That is, the zeromode fermion is in a multiplet that contains just itself and an auxiliary boson. It is a lattice version of a Fermi multiplet [11] . Thus there is no physical zeromode boson that corresponds to the zeromode fermion. The existence of the zeromode fermion can be understood in terms of the "mother theory;" i.e., the nonorbifolded matrix model. There, the bosons x, y and their conjugates are understood in terms of a "vector boson" v:
where v m are Hermitian matrices that are Lie algebra valued in U(kN 2 ):
Note that the indices of generators have been written in such a way that the U(k) N 2 subgroup has been manifestly factored out. One should think of one U(k) factor "living" at each site. Similarly, the fermions of the mother theory are given by
with a corresponding expression forψ. The fermion action in the mother theory takes the form
Now note that the diagonal U(1) diag ⊂ U(kN 2 ) fermions do not appear S F . That is,
and ψ 0 disappears because of the commutator. Since ψ 0 is a two component fermion, it gives two zeromode fermions of the mother theory, independent of the boson configuration v m . The boson action takes the form
Here again, the U(1) diag boson disappears from the action because of the commutators. It is a zeromode for all boson configurations.
Most of the fields of the mother theory are projected out in the orbifold construction. The projections depend on charges with respect to a U(1) r 1 × U(1) r 2 global symmetry group. As it turns out, the λ α fermions are U(1) r 1 × U(1) r 2 neutral. It follows that only the diagonal parts with respect to the "site" indices (µν, µ ′ ν ′ ) survive in the orbifolded matrix model ("daughter theory"):
But this includes the zeromode fermion of the mother theory. On the other hand, none of the components of v are U(1) r 1 × U(1) r 2 neutral. It follows that, in the orbifolded matrix model, they are all off-diagonal 5 with respect to the indices (µν, µ ′ ν ′ ). Hence the zeromode bosons of the mother theory are projected out in the orbifolded theory. Similarly, none of the ξ α fermions of the mother theory are U(1) r 1 × U(1) r 2 neutral, so that the second zeromode fermion ξ 0 of the mother theory disappears in the projection.
Deformed U(k). The zeromode eigenvalue of the orbifolded matrix model can be factored out as follows. We deform the fermion matrix (9) according to
where N f is the dimensionality of the fermion matrix and ǫ ≪ 1 is a deformation parameter that we will eventually take to zero. We factor out the zero mode through the definitionM
Of course it remains to study the convergence of detM (ǫ) → detM (0). Indeed, for U(2) lattice theory (i.e., the orbifolded matrix model with U(2) N 2 symmetry) we have performed this analysis numerically for a large number of boson configurations drawn randomly from a Gaussian distribution, as will be detailed below. We find that the convergence is rapid and that a reliable estimate for detM (0) can be obtained in this way. Furthermore, we find that for ǫ ≪ 1, the phase of detM(ǫ) quickly converges to a constant value, and that it is uniformly distributed throughout the interval (−π, π] for the random Gaussian boson variables.
As a check of our method, we have studied also the analogous deformation of the nonorbifolded U(k) supersymmetric matrix models, where the two zeromode fermions in ψ 0 are present. Indeed, as will be discussed below, we find that
That is, we obtain the determinant of the nonorbifolded SU(k) supersymmetric matrix model, which has the zeromode fermions factored out. With appropriate conventions, det M SU (k) is positive semi-definite. 6 Deformed U(2). Here we specialize to the orbifolded matrix model with U(2) N 2 symmetry, which becomes the U(2) gauge invariance of an N × N lattice theory. In this case we take
Then the fermion matrix is given in (9) , where in the present case
The lattice theory is obtained by expansion about a point in moduli space:
where · · · represent the quantum fluctuations. For this reason, in our study of detM (ǫ) we scan over a Gaussian distribution where x 0 m , y 0 m have a a nonzero mean 1/a √ 2 ≡ 1. The remainder of the bosons are drawn with mean zero. All bosons are taken from distributions with unit variance.
In Figs. 1 and 2 we display ln | detM (ǫ)| and arg detM (ǫ) versus ǫ for the case of N = 2, the smallest lattice possible, of size 2 × 2. Each line corresponds to a different random draw. It can be seen that the convergence is rapid and reliable.
For a set of 10 5 draws on the bosons of this 2 × 2 lattice, we have extrapolated to ǫ → 0 and binned arg detM(ǫ) over its range, with bins of size π/100. In Fig. 3 we show the frequency for each bin, as a fraction of the total number of draws. In the extrapolation, we decreased ǫ by powers of 10 until the change in both ln | detM (ǫ)| and arg detM (ǫ) were both less than 10 −4 per decade. This was done for each draw to get a reliable estimate for detM (0). In each of the 10 5 draws the 10 −4 per decade criterion was reached well before ǫ = 10 −10 .
To summarize, once the zeromode eigenvalue is factored out, the product of the nonzero eigenvalues has arbitrary phase. Consequently an ambiguity exists in defining S eff (x, y) for the orbifolded matrix model theory. We are presently exploring whether or not this can be overcome for the purposes of simulation. At present, however, all we can say is that this difficulty is rather troubling.
Comparison to nonorbifolded U(k) and SU(k) matrix models.
As mentioned above, the nonorbifolded supersymmetric U(k) matrix models contain two everpresent zeromode fermions in the ψ 0 that appears in (21) . Then det M U (k) ≡ 0. However, it is easy enough to just work with the nonorbifolded SU(k) matrix model, so that ψ 0 ,ψ 0 are never in the theory to begin with. Then with appropriate conventions det M SU (k) ≥ 0. A proof of this result has been given in an appendix of [10] .
As a test of our method, we have verified (26) numerically, for a sequence of random Gaussian draws on the bosons v α m that appear in (20) . In Fig. 4 we show the quantity as a function of ǫ for the case of k = 5. Indeed it can be seen that the convergence as ǫ → 0 is quite rapid. We find that |∆(10 −3 )| < ∼ 10 −4 and |∆(10 −4 )| < ∼ 10 −9 as a rule. In Fig. 5 we show the quantity
as a function of ǫ, again for k = 5. The value for SU(5) in our conventions is ϕ = 0. It can be seen that a rapid convergence to this value is obtained. One might wonder how the generic phases of Fig. 3 are obtained in the orbifolded matrix models, given the positivity of the fermion determinant in the nonorbifolded SU(k) matrix models. Firstly, one should note that the proof given in [10] shows only that for each eigenvalue e of M SU (k) there exists also an eigenvalue e * , and that these always come in pairs. The proof relies essentially on the relation
On the other hand, the Z N × Z N orbifold action on the mother theory bosons is epsilon . Figure 2 : ϕ = arg detM(ǫ) versus ǫ for a sequence of random draws. Note that crossing over the boundary of the domain (−π, π] to an equivalent point within that domain is indicated by the nearly vertical lines. These results are for the U(2) lattice theory, with 2 × 2 lattice. 
where Ω = diag (ω, ω 2 , . . . , ω N ), ω = exp(2πi/N). Thus because of the exp(±iπσ 3 /N) factors, the orbifold projection does not commute with the operations of the proof given in [10] ; i.e., Eq. (32). The fermion matrix of the projected theory-i.e., the orbifolded matrix model-lacks many of the eigenvalues of the mother theory; it should come as no surprise that not all eigenvalues are removed in pairs (e, e * ). After all, we already know that only one of the zero eigenvalues is removed from the U(kN 2 ) mother theory. For this reason it is not at all contradictory that the projected theory has a product of nonzero eigenvalues that is not positive, nor real.
Discussion. The existence of a zeromode fermion in the orbifolded matrix models has been reliably handled by our deformation method, and the approach is easily implemented numerically. Analytic methods in nonorbifolded supersymmetric matrix models have also involved deformations of the theory to render quantities of interest well-defined [12] ; however, these involve the introduction of auxiliary fields, which are expensive to implement in a simulation. For this reason, we prefer the method described here. In spite of the complex fermion determinant in the orbifolded matrix models, our approach allows for a detailed study of the partition function by Monte Carlo methods, analogous to what has been performed in [13] for nonorbifolded supersymmetric matrix models. It would be interesting to see how expectations based on continuum results might be realized in the present context. For example, in [14] it was shown that 4d N = 1 pure super-Yang-Mills has a positive fermion determinant. Since the (2,2) 2d target theory studied here is a dimensional reduction of this model, it is rather surprising that we find arbitrary complex phase.
We suspect that the difficulties faced here may be, broadly speaking, related to those faced in defining the phase of the fermion measure in the attempts to realize chiral gauge theories on the lattice with an exact chiral gauge symmetry [15, 16, 17] . In the present context, we have an exact chiral fermionic symmetry: lattice supersymmetry acts on the λ m , ξ m but not on the α m , β m that appear in (8) . A resolution of one problem may lead to answers for the other.
In our opinion, the deconstruction approach to lattice supersymmetry remains an exciting topic, whatever difficulties may face attempts to simulate the theory. One tactic that would be interesting to pursue in this context is simulation by complex Langevin 7 methods [18, 19] .
